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This paper examines spatial-discretization approaches for the direct simulation Monte Carlo method
for axisymmetric and three-dimensional � ows. Computations using three schemes, 1) a uniform Cartesian
grid, 2) a structured body-� tted grid, and 3) an unstructured tetrahedral grid, are presented for the
hypersonic � ow past a blunted cone for two angles of attack. The results indicate that the approaches
return very similar � ow� eld and surface results and that these results show fair agreement with available
experimental data. Moreover, it will be demonstrated that the Cartesian scheme is signi� cantly more
ef� cient on a per-particle basis, but yields overall solution times signi� cantly greater than those for the
other two algorithms.

Nomenclature
BCE = benchmark per-particle computational ef� ciency
cr = relative speed between particles
Fnum = ratio of real particles to simulated particles
N = number of surface-element corners, number of

simulated particles in a cell
n = number density
T = temperature
V = cell volume, velocity magnitude

tm = simulation time step
T = collision cross section

Subscripts
i = cell-face index
l = cell index, triangular surface-element subface index
m = cell index
w = surface value

= freestream value

Introduction

T HE direct simulation Monte Carlo (DSMC) method of
Bird1 has become a widely used tool for the solution of

thermochemical nonequilibrium � ows in the transition regime.
Unfortunately, the technique is considerably more expensive
than conventional continuum calculations; this additional ex-
pense arises from the statistical nature of the method and the
large number of simulated particles often required to achieve
a meaningful solution.

Attempts to reduce the computational cost of the method
have resulted in several different grid schemes, particularly in
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the case of three-dimensional � ows. Three of the contemporary
approaches are 1) a uniform Cartesian grid, 2) a structured-
body-� tted grid, and 3) an unstructured, body-� tted grid. Each
of these approaches has clear advantages and disadvantages;
for instance, the former offers a signi� cantly less expensive
movement phase, and the latter two choices allow grid clus-
tering in regions of large � ow gradients. However, it is not
immediately apparent which scheme offers the best overall
performance. Moreover, the performance of each method may
be dependent on the degree of rarefaction present in the � ow.

This work is an attempt to quantify some of the issues pre-
viously described. Results for � ow� eld and surface quantities
will be compared for the three grid schemes just mentioned;
comparisons will also be made to experimental data. In addi-
tion, simulation performance data for each of the cases will be
used to determine which approach is more ef� cient for the
problems considered.

Flow Physics
The algorithms examined here utilize fundamentally similar

physical models to help localize differences in solutions to the
grid de� nitions. The physical processes are limited to thermal
nonequilibrium through rotational and vibrational energy re-
laxation; chemical reactions are not included because of the
relatively low stagnation temperatures for the cases examined
here.

For the most part, the three codes employ models that are
commonly used within the DSMC community. Bird’s variable
hard sphere model1 is used to de� ne the collision cross section,
with a viscosity temperature exponent equal to 0.75. Internal
energy transfer is accounted for by the Borgnakke and Larsen
method,2 with constant rotational and vibrational relaxation
numbers of 5 and 50, respectively. The gas– surface interaction
is modeled assuming diffuse re� ection with full thermal ac-
commodation.

Although the � ow physics are quite similar, there are some
discrepancies that should be noted. The � rst notable difference
in � ow physics lies in the procedures for calculating vibra-
tional relaxation. The unstructured grid scheme utilizes the
classical Borgnakke and Larsen phenomenological model2 for
inelastic collisions, implicitly assuming a continuous vibra-
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Fig. 1 Cartesian cell containing a surface element.

tional energy distribution. On the other hand, the Cartesian
grid and structured, body-� tted grid algorithms use the quan-
tum Borgnakke and Larsen method2 proposed by Bergemann
and Boyd3 to compute vibrational energy exchange. For the
� ow conditions under consideration here, the degree of vibra-
tional excitation is not great, and it is expected that there will
not be a large difference in the results.

Another difference lies in the procedures used to compute
the number of candidate collision pairs per cell. All three al-
gorithms utilize Bird’s no time counter method4 for this deter-
mination; however, to maintain ef� cient parallel computation,
the Cartesian scheme uses a slightly modi� ed version. In the
original method, the number of candidate collision pairs is
given by

1 ¯–N = N n( c ) t (1)c 2 m T r max m

where

n = N F /V (2)m num m

Because the surface generation used in the Cartesian scheme
can lead to the construction of cells whose volumes are many
orders of magnitude smaller than those of neighboring cells,
the previous de� nition of n can result in the calculation of an
inordinately, and aphysically, large number of candidate col-
lisions, leading to excessive local compute time, which can
signi� cantly reduce parallel ef� ciency. To remedy this prob-
lem, the Cartesian scheme instead uses a smoothed number
density

(N N )Fm l numn = (3)s
V Vm l

in cells where the density is greater than 100 times the density
in adjacent cell l. This modi� cation has no appreciable effect
on the � nal solution. Note that, since the large density differ-
ence is driven by the large difference in cell volumes, one
could equivalently base the smoothing on cell volume instead
of number density.

The � nal difference between the algorithms is also tied to
the difference in grid de� nitions. The Cartesian algorithm uses
constant values of Fnum and tm throughout the computational
domain; this convention helps reduce the overhead associated
with the particle movement process. On the other hand, the
other two schemes use local time-stepping; however, the value
of Fnum is also varied so that the ratio Fnum/ tm is constant
throughout the � ow� eld, obviating the need to clone or destroy
particles at cell boundaries.

Geometry De� nition
Uniform Cartesian Grid

The Cartesian grid algorithm employed here is developed
from Bird’s DSMC3 demonstration code.5 In this case, the
body surface is not well de� ned within the grid. Thus, the
volume grid is generated � rst, then the intersections between
the body and the grid cells are computed. These intersections
are then used to determine the properties of the surface ele-
ments and the grid cells cut by the body.

In the present Cartesian implementation, the body is repre-
sented by an analytic function of the form f (x, y, z) = 0. This
function is used to determine which grid cells contain surface
elements, as well as the intersections between the body and
the grid cells.

Once the intersection points are determined, the geometry
of the rede� ned cell (surface area, volume, normal vector) may
be determined. Figure 1 shows a typical cell containing a sur-
face element; in general, these elements will have differing
numbers of sides, and need not be planar. Thus, a fairly general
method is required for determining the properties of the ele-

ment; such a method may be found in the work of Gaffney et
al.6

A surface element with more than three corners can be di-
vided into N triangles, with N being equal to the number of
corners. A center point may be de� ned for the face by aver-
aging the corner points, and this center point is used to divide
the face into triangles. The area of each triangle may be found
through Heron’s formula:

A = s(s a)(s b)(s c) (4)l

where a, b, and c are the side lengths of triangle l and s is
equal to one-half the perimeter of the triangle. The surface
element area is then

N

S = A (5)l
l=1

Obviously, if there are only three corners, Heron’s formula
can be used to compute the overall surface element area.

We may also determine the area of a cell face cut by a
surface element. For a face lying in the x-y plane

1–S = [S S S D S D D D ] (6)4 x y x y y x x y

The terms in Eq. (6) are de� ned as follows:

S = S S S = S S D = S S D = S Sx 1 3 y 2 4 x 3 1 y 4 2

The terms are de� ned as shown in Fig. 2. To apply this
formula, we must zero out the length of any cell that is com-
pletely contained inside the body (such as side 3 of the face
shown in Fig. 3).

Once the cell face areas have been determined using the
procedures listed earlier, they may be used to compute the
volume of the cell. If a plane is de� ned by three points, de-
noted (x1, y1, z1), (x2, y2, z2), and (x3, y3, z3), we may de� ne the
following quantities:

y z 11 1

A = det y z 1 (7)2 2

y z 13 3

x z 11 1

B = det x z 1 (8)2 2

x z 13 3

x y 11 1

C = det x y 1 (9)2 2

x y 13 3

x y z1 1 1

D = det x y z (10)2 2 2

x y z3 3 3
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Fig. 2 Cartesian cell face side
notation.

Fig. 3 Cartesian cell face with one
side completely contained within the
body.

Fig. 4 CNRS blunted-cone geometry with sting.

The equation of the plane is then given by

Ax By Cz D = 0 (11)

De� ning the quantity

2 2 2F = (A B C ) (12)

the volume of a cell with N planar faces is given by
N

1 D
V = S (13)i

3 Fi=1 i

where Si is the surface area of each planar face.
For the surface re� ection routines in the simulation algo-

rithm, we need to know the unit normal vector for the surface
element. If there are only three corner points, then the surface
element is planar, and we can � nd the normal through

n = (A/F )i (B/F ) j (C/F )k (14)

where A, B, C, and F are given by Eqs. (7– 10) and Eq. (12).
However, if there are more than three points, we can compute
the surface normal for each planar subface, then average the
normals to get the normal for the face. It should be noted that
the average normal will not necessarily have unit length; thus,
the average normal is renormalized after the calculation.

Another important consideration with respect to the surface
normal is that it points in the outward direction (i.e., into the
� ow). The correct direction is not guaranteed by the planar
approximation. To ensure that the normal points in the right
direction, we test the value of the function de� ning the surface
a short distance away from the center of the surface element
in the normal direction. If the function is negative, we know
that the normal is pointing into the body, and we change the
sign.

The Cartesian scheme is implemented on massively parallel
platforms through the use of run time library support. This
library, known as CHAOS,7 was developed at the University
of Maryland for use with irregular adaptive problems, of which
DSMC is an example. CHAOS includes procedures for ef� -
cient communication as well as load balancing, and has been
previously demonstrated to be well suited to Cartesian grid
direct simulations.8

Structured, Body-Fitted Grid

A modi� ed version of Bird’s G2 code1 is used for the axi-
symmetric results. This algorithm is well documented, and has

been used for a variety of � ow problems. Volume grids for
this algorithm may be created using algebraic methods in-
cluded as part of the preprocessing sequence, or by using com-
mercial grid-generation software. The computational domain
may be made up of contiguous regions, with each region con-
� gured for optimal resolution and simulation characteristics, a
feature not possessed by the other two algorithms under study
in this work.

Unstructured Grid

The unstructured grid simulation is based on Bird’s G3 al-
gorithm.9 The original version of this code was used to com-
pute three-dimensional � ows on body-� tted, structured grids.
Procedures have been added to the algorithm to permit the use
of unstructured tetrahedral grids. Such grids are generated in
this work utilizing the FELISA package,10 which uses a variant
of the advancing-front technique to build unstructured grids
around the desired shapes. Construction of a suitable volume
grid consists of 1) de� ning the curve segments and boundaries
that form the computational domain; 2) speci� cation of point,
line, and triangle sources to control clustering; 3) generating a
surface triangulation for the boundaries of the computational
domain; and 4) generation of the volume grid using the surface
triangulation as the initial front. Further details on the FELISA
code system may be found in Ref. 10.

Results and Discussion
The two DSMC algorithms were used to compute N2 � ow-

� elds around the 70-deg blunted cone with sting; the dimen-
sions of the cone are shown in Fig. 4. The freestream condi-
tions include a velocity of 1503 m/s, a number density of 3.72

1020 m 3, and a temperature of 13 K; these conditions were
used in experiments conducted in the SR3 low-density facility
at the Centre National de la Recherche Scienti� que (CNRS),
Meudon, France,11 and correspond to a freestream Knudsen
number (based on overall diameter) of about 0.03. The � rst
case is characterized by a zero angle of attack and omission
of the sting from the computed solutions; the sting is included
in the second case, which is conducted at = 10 deg.

The grid created for the G2 solution to the � rst case is shown
in Fig. 5, and Fig. 6 shows a representative surface grid gen-
erated for the Cartesian algorithm (hereinafter referred to sim-
ply as 3D). The former grid employs four separate regions,
with a total of 120 cells along the body and 30 cells normal
to the body. Although the surface grid shown in Fig. 6 includes
the sting support, the solutions for case 1 omit the sting. In
fact, the grid shown here is very similar to that used for case
2, except that both the top and bottom halves of the cone are
included.
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Fig. 5 G2 grid for case 1.

Fig. 6 Example of surface grid generated using Cartesian algo-
rithm.

Fig. 7 G3 surface triangulation for case 2.

Fig. 8 Comparison of translational temperature contours for
case 1.

Figure 7 shows the surface triangulation generated using the
FELISA package for use with the unstructured grid algorithm
(or G3) for the 10-deg angle-of-attack case. This plot illustrates
that it is possible to perform clustering to resolve regions of
large gradients, as well as regions of large surface curvature
(such as the shoulder of the cone). Note that the computational
domain for this case was constructed to be the same size and
shape as that for the Cartesian solution.

Flow� eld Comparisons

The translational temperature contours in the symmetry
plane are compared for the � rst � ow condition in Fig. 8. For
this case, the forebody � ow� eld was of primary importance;
since other researchers have shown12 that the wake solution
has little impact on the forebody solution, the differences in
wake resolution may be considered unimportant. It may be
observed that the two forebody results are virtually identical.
The observed agreement between other � ow� eld properties
was similarly good.

The experimental results presented in Ref. 11 include den-
sity � ow� eld visualizations obtained using an electron-beam
� uorescence method for some of the cases run; Fig. 9 shows
the measured density � eld for case 1, as well as the density
results returned by the 3D algorithm for this case. It should be
noted that the density visualizations were carried out with a
surface temperature of about 290 K, which is different from

the value of about 300 K speci� ed for the surface heating
measurements; all of the simulations were carried out with Tw

= 300 K. However, it was surmised that this small difference
would not preclude comparing the experimental and compu-
tational results. The plot shows that the agreement between the
experimental data and the DSMC solution is fairly good. There
are some discrepancies, for instance, the shock-layer thick-
nesses are somewhat different and the experimental shoulder
expansion is somewhat more diffuse than that predicted by the
simulation, but overall the results are quite similar. (Because
of the very high degree of similarity between the G2 and 3D
results, the G2 density � eld is not shown here.)

Translational temperature results for the second case are
shown in Fig. 10. As with the zero angle-of-attack results, we
see that the computations agree very well with one another
throughout the � ow� eld. However, the G3 solution does show
more noise than the 3D solution; this increased scatter is a
consequence of the relatively low average number of particles
per computational cell in the G3 simulation. We may also com-
pare density results for the second case; the experimental vi-
sualization for a portion of the � ow� eld is shown in Fig. 11;
whereas Figs. 12 and 13 show the contours predicted by the
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Fig. 9 Comparison of experimental and computed (3D) density � elds for case 1.

Fig. 10 Comparison of translational temperature contours for
case 2.

Fig. 11 Experimental den-
sity � eld in symmetry plane
for case 2.

3D and G3 algorithms, respectively. These plots show that the
agreement between the two DSMC solutions is again quite
good, although the noise in the G3 solution is again evident.
Note the presence of the two circular structures in the near-
wake region of the 3D solution. These artifacts are a conse-
quence of extremely small cells in the base-sting juncture re-
gion, as well as the plotting package used. Both computed
density � elds show fair agreement with the experimental data
(the same contour levels are used for all three plots), with the
same types of discrepancies as observed for the zero angle-of-
attack case.

Surface Comparisons

For this portion of the report, we shall restrict our attention
to observations of heating rates in the symmetry plane, since
no experimental data are available for other surface quantities.
The heat transfer results for the � rst case are plotted vs the
linear surface distance and compared to the measured data in
Fig. 14. We can see that the two DSMC results lie virtually
on top of each other, although the G2 heating distribution is

somewhat smoother than that returned by the 3D algorithm.
This difference is almost certainly because of differences in
grid structure and sample size. The plot also shows that the
predicted solutions agree very well with the experiment near
the stagnation point; however, the agreement decreases rapidly
as we move along the forebody, with a maximum error of
about 28%. This difference is certainly signi� cant, since the
published uncertainty for the measurements is only 5%. How-
ever, other researchers have reported similar levels of error
between calculations and the data from these experiments.13

As indicated in Ref. 13, these discrepancies remain unresolved,
but may be tied to wall conduction effects and upstream � ow
nonuniformities in the experiments.

Figures 15 and 16 show the computed symmetry-plane heat-
ing rates along the windward surface for case 2, as well as
experimental measurements from the CNRS facility. The � rst
of these plots shows that the two computations agree reason-
ably well, with the largest discrepancies at the nose and shoul-
der. Figure 15 shows that the level of disagreement between
the forebody solutions and measured heat � uxes is about the
same as in the � rst case, with the difference lying in the 10–

20% range. Note further that both DSMC solutions show com-
parable amounts of scatter, with both results being relatively
smooth.

The heating results for the base plane and sting (Fig. 16)
show somewhat better agreement with the experimental mea-
surements in this region. Note that the measured heating rates
along the base plane for both cases considered here were so
small that the experimental values could only be characterized
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Fig. 12 3D density � eld for case 2.

Fig. 13 G3 density � eld for case 2.

as being less than some upper bound. Hence, the apparent
underprediction of the base-plane heating actually indicates
that both computed results are well below the speci� ed upper
bounds (points marked with arrows). This plot also shows that
the DSMC results along the base plane contain signi� cantly
more scatter than those for the forebody; again, this phenom-
enon may be attributed to small sample size and the fact that
both grids overresolve the wake region. Such overresolution is
unavoidable in the Cartesian solution; additionally, the wake
cell size in the unstructured grid cannot be increased further
without underresolving the sting surface.

Performance Characteristics

The 3D algorithm was run in parallel on the NASA Langley
Research Center’s Intel Paragon, with 40 nodes used for case 1
and 55 nodes utilized for case 2. However, the G2 and G3 codes
were run on single processor workstations (Sun SPARCstation
2 and Sun SPARCstation 10, respectively). Timing comparisons

between these simulations would be meaningless without a
benchmark calculation. To this end, the original DSMC3 code
was run on the workstations as well as on one processor of the
Paragon. Computational ef� ciencies for these benchmark runs
were used to rescale the SPARCstation 2 and Paragon timing
results to be directly comparable with timings on the SPARC-
station 10. This rescaling is accomplished by multiplying by the
appropriate number of processors and the factor

(BCE ) /BCESPARC10

where BCE is the benchmark computational ef� ciency for the
architecture being considered.

Before examining the timing results, let us look at some of
the simulation parameters listed in Table 1. Note that the G2
solution for case 1 utilizes substantially fewer cells than the
3D solution, a consequence of grid clustering and the axisym-
metric solution technique. However, the G3 solution actually
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Fig. 14 Comparison of heating results for case 1.

Fig. 15 Comparison of forebody heating results for case 2.

Fig. 16 Comparison of base plane and sting heating results for
case 2.

Table 1 Comparison of simulation
characteristics

Code Case 1 Case 2

Number of cells

G2 3600 ——
G3 —— 611,143
3D 175,000 500,000

Average number of simulated particles

G2 144,000 ——
G3 —— 502,000
3D 2,540,000 6,500,000

Table 2 Comparison of performance
characteristics

Code Case 1 Case 2

G2 (SPARC 2) 100 ——
G2 (scaled to SPARC 10) 44 ——
G3 (SPARC 10) —— 106
3D (Paragon) 1.20 0.90

(40 nodes) (55 nodes)
3D (scaled to SPARC 10) 26 27

Table 3 Overall run times for 100 steady-
state prints

Code Case 1 Case 2

G2 (SPARC 2) 40 h ——
G2 (scaled to SPARC 10) 18 h ——
G3 (SPARC 10) —— 147 h
3D (Paragon) 9.5 h 21 h
3D (scaled to SPARC 10) 208 h 633 h

uses more cells than the 3D simulation for case 2, and employs
much fewer simulated particles because of memory restric-
tions. The low number of simulated particles is directly re-
sponsible for the noise in the G3 results mentioned earlier.

Table 2 presents per-particle computational ef� ciencies for
each case run; several observations may be made about these
results. First of all, the parallel algorithm is much faster on an
absolute per-particle basis than the scalar codes, as might be
expected. Once the parallel ef� ciencies are scaled, however, it
becomes apparent that the Cartesian scheme is still faster per

particle than the other two algorithms. Secondly, the G3 al-
gorithm can be seen to be substantially more expensive per
particle than the G2 scheme. This increase may be ascribed to
two factors: 1) the fact that the G3 scheme must deal with an
additional spatial dimension and 2) a consequence of the un-
structured grid movement procedure. The latter pertains to the
more frequent crossing of cell boundaries in an unstructured
grid than in a structured one, which complicates and slows
down the particle movement process.

The computational ef� ciencies, however, do not really tell
us how much time is required to obtain a meaningful solution,
nor which grid approach will return a solution faster. Table 3
lists run times for 100 steady-state print cycles (5000 steady-
state samples) to help make these determinations. The scaled
results indicate that, although the 3D code is substantially fas-
ter in a parallel environment, it is much slower than the body-
� tted algorithms when con� ned to a single processor. These
results imply that the Cartesian algorithm may bene� t greatly
from the development of a multiregion strategy similar to that
employed by the G2 code. Alternately, the results also suggest
that development of massively parallel body-� tted-grid DSMC
algorithms is certainly a worthwhile pursuit.

Concluding Remarks
Comparisons of � ow� eld and surface results for the three

DSMC grid approaches were shown to be quite favorable, with
the G3 � ow� eld solutions showing slightly more scatter than
the G2 and 3D results. The discrepancies between the calcu-
lated results and experimental data are fairly large, but com-
mensurate with those reported elsewhere.

Performance results for the three algorithms indicate that the
Cartesian approach is substantially faster on a per-particle ba-
sis. However, this advantage is offset by the need for using
many more particles than in the body-� tted grid simulations.
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As a result, the Cartesian scheme appears to require more time
than the body-� tted-grid simulations (on an equivalent plat-
form) to achieve the same number of steady-state samples.
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